
Main Theorem. X smooth projective curve/k=5 char o wI genus
=gE2.

MYCr, d), MYCr, 2) are projective varieties over I

with dimensions reg-1) +1, (r- 1)(g-1).

RecallSix steps toward projective moduli (Section 0.4.2)

M =modulistack for our moduliproblem

1 Algebracity:Express M as a substack of a larger modulistack it.

SE It is semistable SGM

Show it is an also stack locally of finite type.

-

2 Openness of semisability:Show M*It.

(**** G I over scheme S:GSGS/Es is semistablet is open)

3 Boundedness of semistability:Show M is of finite type.

&
4Semisable reduction:Show thatM satisfysome

valuative criteria for some separation notion.

>5Existence of modulispace:Show that there exists a

fine/coarse/good moduli space M +M where M is

a proper algebraic space.

Sep6 Projectivity:Show thata tantological line bundle on M

descends to an ample line bundle on M.

Today:(Steps 1-3)
· Review of rank, degree of VBs over a curve, algebracity of modulistacks
· Openness, boundedness, irreducibility of semistability



Degree & rank ofcoherentsheaves over a curve

Def. X a projective curve/k, Fcoherent sheet on X.

rank F: =dimcxFy (y=generic pointof X)

deg F =

=x (X, F) - Crank F). x (X, 0x7

Some properties:

·If E is a VB, degE =deg (det E)
· Rank and degree are additive an exactsequence.
· rank (F*F) = rank F+ rank F', rank (FxF') =rank F. rank F'
· deg (F* F') =deg F +deg F'

If E, E'are VBs, deg (EXE =rank E'.degE +rank E. deg E'

1:det (E*E'l Eldet E)raE'* (det Erar*)
· Assuming X is smooth and taking Ox(II as an invertible sheaf

with deg1, YVBE:PE (n) =rank E.n +deg E + rkE. X (X, Ox).

Algebraicityof modulistacks of VBS

X smooth projective curve/k=5 char 0. (genus =g)
The following are all stacks over Schu.

hy: Object/S =coherent sheaves on Xxx,5 flat over S

Morphism (F',S') - (F, s) over S'+ S

=map F -(idxXf)+F' s.t. (idxxf)*FE, F'.
Mx:stack of vector bundles

Mx(r, d):stack of vector bundles with rank - and degreed

(i.e. Et Mod (0xxs) object over S.

F
geometric point Speck- S:

Elxxspeck has rank r, degree d)



top. MxCr, d) is an alg-stack w/ affine diagonal and loc of finite type//.

PI dx TS -

([8DL], [ODL23)
Suffices to show MyCr, d)Cahx.
· M,Chy:Given Fcoherent sheaf on XxS flat over S,

locus 2XxS where I is notlocally free is closed.

=>[s S/Flxxas locally freely =S/pre(2)S.
· MxCr, d) Mx: The Hilbert polynomial is locally constant

[also closed)
in flat families.

FE VB an X:PE(n) =rICE)n + deg(E) +rI(E)(l-g).
Let a line bundle on X. (degL =d)

Mx(r, L): stack of rector bundles sot, det=L. (and rack =r)

Object/s = (E, y) s.t. GE
vis an XxS m) rank =(also flat/S)

4:det E E, L1xxs

Ets. (1)
E
det:Mx (r, d) -> PicY:=Mx(1, d)

(E+det E)
F
(c Pick:Mx(r,2) ->Mx(r,d)

↓ =I (!)

Speak E Dic*

(2)
=6

universal UBY Ewir on XxMx(r, d)

sit. YE object/s of MxCr, d):E =(idxx [E])
*
Eunir.

In particular, we have "Poincare VB*P on Xx Pick

=>(idx x det)
*B =det (Suir).

top. MxCr, 2) is an alg-stack w/ affine diagonal and loc of finite type//.

P. Immediate from the cartesian diagram (!).



Tangent spaces of modulistacks

The following are consequences of deformation theory.

⑭p. Assume g=2.

(1) Mx (r, d), MxCr, L) are smooth over K.

(2) LetE UB on X with rank r, degreed. 4:LE det E.

TaxCr, d), [E] =Ext' CE, E)

Trux (r. 27, [CE, y1J =ker (Ext'(E, E) =H'CX, ExE) == H'(X,ox))

(ef. Proposition 3.4.5)

Remark. (Dimension calculation)

Suppose E is simple. (i.e. dim Homy (E, E) = 1. e.g. stable VBs)
dim TrxCr, d), [E]

=dim HICX, Ex E)

-dim Ho(X, ExE) - x(X, ExE)
=>dim Hamx (E,E) - deg (ExE) -rk(EvxE)(1- g)
=

r2(g - 1) + 1.

Since we're working on char O, to:ExE +Oxsplits

by the section fide:Ox + Homy (E, E) E, E*E.

dim Tax), 21, [CE,y1] =dim H'CX, ExE) - dem H'(X, Ox)

=(r2-1)(g-1).



Stability nations and properties

Def. E nonzera VB on X. Sype of Em(E):=
(A keep in mind thatany subsheaf of a VB is a VB!)

Def. A VBEan X is

semisable ifnonzero ECE:q(E) = m(E)

ableif semisable & the only ECE s.t. M(E') =M(E) is E&estable
ifit is isomorphic to E,where En stable w/M(Ei) =mCE)

-

mma. (Properties of stabilitynations)
(1) ( LB, E VB. E (semil stable ExL (semil stable

(2) E, F semistable VBs w/ m(E) >q(F) =>Homx(E, F) =0

(3)0 +E, +E +Ez +0 SES of VBs.

E.Ez semistable and m(E) =M(Ez) =E semisable

14) E a stable VB =>Eis simple (i.e. Endy (E) =k)
15) E a semisable VB s.t. m(E) >2g-1.

Then E is globally generated and H'(X, E) =0.

. (1) deg (EXL) =deg(E) +rk (E). deg (2).

=>m(Ex) =m(E) +deg (L).

So YECE:m(E) - m(E) =m(Ex) - m(E'xL).



(2) Suppose E-F nonzera map.
Let kernel =K, image

=I.

We have 0 + k +E =1 +0 SES. Assume K F0.

=>m(2) rk(2) =m(E) rk(E) - m(() rk(k)

=m(E) -1(E) - m(E) rk(k) (-:m(k) =m(E))
=m(E) rk (I).

Since rk(2) > 0, m(I) =mCE). Butm(E) <m(F)
and m(F) =m(I), contradiction.

(3) Letm
=

=M(E) =q(Ez). Then M(E) =m.

Take nonzero ECE. Let E =E, ME, Ez =Im (E'xE +Ez.
=>EO +E, +E-E' +0 SES.

GE
=0 or mulEl Em

=>m(E) Em.
Ez=0 or m(E) Em

14) Take
anynonzero map f:E-E. Following proof of 121, f is iso.

Pick anyxEX. If I is an eigenvalue of fir,

f-Didx Endy(E) is not iso, so it's zero. ->f=didx.

(5) H'(X, E) =Ho(X, EVewx) =Homx (E, wx) =0.

(...m(E) > m(wx) =2g - 2)
Yxc GX(k) closed point: By Nakayama's lemma, itsuffices to show

T(X,E) +Ex +E/mx,onEs is surj.

Let Ox = skyscraper sheaf atx wl value ((x).

=>*SES 0 - Exx(-x) +E +a** -0.

Above map is map
of global sections of E =0,***),

so itsuffices to show H'(X, Ex0x(-x)) =0.

Hi(X, Ex0x(-1)) =Homx (Ex&x(-x), wx) =0.

(:m(Ex0x(-x)) =x(E) - 1)m(ux) =2g -2)



Filtrations of UBs

#)Prop. (Jordan-Holder filtration)
E semisable VB on X.

=>Efiltration 0 =E. CE, cEzc...cE, =E

S.t. each subquotientG =E:/E., is stable w/q(x) =M(E).

For
any two such filtrations, the multiset ofsubquotients are same

2

up to isomorphism. Define the associated graded bundle grg: =
+G..O
i=1

. E, El semisable VBs ul same rank & degree are called S-equivalent
if grz =grE

*Prop. (Harder - Narasimhan filtration)
EVB on X.

=>Elfiltration 0 =E. CE,cEzC...cE =E
2

S.t. each subquotientG =E:/E., is semisable

and m(G) > m(G2) > ... 7 m(G2).

#. Let X =IP. Any VB E on X splits as a direct sum of LBs.

E=0p. (d) *M:w/ diy de] -..)de
=>G: =0p, (di)*m. (m(G) =di)

In particular, GE senistable - 2 =1

Estable E is a LB



Operness, boundedness, irreducibility of semisability

drop. (Openness) MY (r, d)MxCr, d)
#. Equivalent to:If S is a k-scheme and 5 a VB ro/

rank and degreed on XxS.

Then [pES/Elxxaps is semisabled S.

· Reduction to the case 5 finite type// and connected:

By A.6.2 & A.6.8, S=AimSx sit. Sx finite type/K
~I affine transition maps

& FX st. E =(idx x (S+5x))*Ex for some VB Ex.

Reduction to connected case is easy.
· Express un-semisable locus as union of images of Quot schemes:

*p = S:Elxxapy is notsemistable

- E/xxspy St. M(E) >
--> Elxxspy has a quotientwith Hilbertpolynomial

Ps(n) - PE, (n) for some

Edelxxspy S.t. M(E) < *.
n7②(

Hence the setof such paS is UIm(Quota/xxs/s
Q(n)

->XxS5)
where a(n) runs through

qP(n) - PE,(l)=peS, *E' Elxxp s.t. M(E') < 3



· union is finite:

PE (n) determined byrank (E) & deg(E').
rank (E) is obviously bounded, and degCE) is bounded below

Since M(E)>
So suffices to show deg(E) is bounded above.

Choose a finite morphism X + IP! =>h:x x S +1P'XS.

If ECEp, then hE'C hxEp. Note x (IP, hE) =x(X, E).

x (IP, hxsp) attains finitely many
values

Since S:h91p, hxEp), h'ClP', hxsp) attain finitely many
valuesI by semicontinuity ->finitely many splitting types of hxsp)

for each VB on IP, the Euler characteristics of

all its subsheaves are bounded above,

x (V, E) is bounded above. So deglE') bounded above.
I

Def. Acollection of isomorphism classes of VBS on X is added

if
I
scheme of finite type S and VB F on xxS (flat over 5)

S.t. everyisomorphism class= [Fs] for some k-points tS.

ExFixx EX, r= 2, dc E.

3F =0x(- xxi) t0x((n +d)x)-0,t(r
-

2)] is an unbounded family

which consists of fixed rank w, degreed VBs. 1::h'IX, Eil unbounded)

E.Fix F VB on X, P(n) GZEn].

[VBs thatare quatients of Fr) Hilbert polynomial Plul] is bounded.

1: restrictthe universal quotientsheet on Xx Quat**x speck
to Xx (open locus of QuatP(n)

Fx/speck
where pullback is locally freel

to geta familyof VBs realizing each class (



4
p. (Boundedness) The collection ofisomorphism classes of semisable VBS

of fixed rank - and degreed on X is bounded.

#. Let i GX a k-point & m an integer sit. I +m>2g-1.
For

any such UBE, Ex0x (ma) is semisable w/ slope)2g-1.

E
Ex Ox (mic) globally generated

=>

hi(X,Ex0x(m)) =0 =hi(X,Exdx(mx)) = iN fixed.

Let V a k-vector space w/ dimension N.

Then
I

surjection V&,,0x +> Ex Ox (mis), so Va,, 0x1-mi) E.

:Every E is a quotient of Vx,0x(- mx) w/

Hilbertpolynomial un +(d +1 -g).

op. (Irreducibility) MY(r,d), MYCr, L) are irreducible.

P2 · Reduction to the case d)r(2g-1):

Fix x GX(k) closed point.

E is semisable Ex&(x) is semisable, so

we have an isomorphism MY(r, d) E, MYCr, d+r).

So we can assume d) r(2g-1), and all semistable bundles

with rank - and degreed are globally generated.
· Constructa map from an irreducible variety VS to MY(r, d):

Idea:take US as a space
thatparameterize semistable E

S.t. ELB L& SESO +a +E +L+0



For a fixed LB 1, the extensions 0 +0 -E +1=0

are parameterized by Ext' (2, 0) =H'IX, LY.

Let 2 the Poincare LB on Xx Pics and :x x Picy -> Pick
the projection.

By Gravert's theorem (A.4.4), V =R'xL" is a UB on Pica

and the comparison map Rax2" *K +H'(X, LY) is isa.

=>the fiber of V over LePick is H'CX, LY

=>

Enriversalextension fairatarespecoms(syncr
(corr, to 0 +0=E =1+0)

The locus VPCV where Emir is semisable is open.

So we obtain a map
vs -MY(r, d).

· V-MY, (r, d):

Suffices to show every semisable UBEan X is an extension

ofLB byOx. (onlyshows swryon closed points, butsufficient

by Chevalley's theorem)

I claim FTC HOX, E) subspace of dimr-1

s.t. er:P*&-E has rank r-1 on all points of X. (#)

YKX:kernel of HPCX, E) ->En has codimension r.

C.E globally generated)
=>The locus of subspaces in GrCr-1, Ho(X, EI) which

doesn'tintersectthe kernel nontrivially has code 2.

=>The locus of T s.t. (#) is nottrue has codim I,

so we can take I sit. (It is true.



Then we have a SES 0+P*0,E -det(E) +0.

(x +g,1 - - - 1gr-,1a)

Proof for MY(r, 2) is similar using an open
substack of

Ext' (L. Ox surjecting onto the stack.
M

mark. If g=2, ↑r>0,*Eric:E VB w/ rank rand

determinant (thatis stable.

=>mxCr, d) Em, (r, d), Mx (r. 2) *miCr. 2)

are nonempty and dense.


