Moan Theorem. X smooth projestive w/k=T choe O w/ genus =3?—.2.

Ms,: (~ ), M’: (r, L) o projective  vorlettes over k
with  hmensions r"(5—l) +1, (p"-l)(g—l),

Six seeps toword projective moduli ((Seceton 0.'7.2.)
M = modili seack oo our moduli problem
Ser | Abecbegroy + Bxpes M os o sbseck of o lager modhi stock .
EE€ X s semistable = g e Y
Show % © on alg. steck locally of Puee type.
Opemces oF sewiseabhoy © Show M E %.
(= Ve e X owr schme S: {se S|eg 1 someedie] i open)
Bowndedness of semistobibioy : Show M 35 of  farwe ype.

Valwxﬂvg crieecion 'Pu- some serw‘lon Nnotion.

Eascence of modult spoce ' Show thot there edses o
fue /coor:e/sooJ moduli space M S M wheee M T
o proper a|3elwm. spoce.

Sep 2
Sep 2
S_tnt 4 Sem‘nse:alale netlucﬂm : S\ow -el\qe. M Swe‘ls‘Py some
S 5
Sep 6

Pl'o)czelwt’ : S}now tl\cc o *hwtolojtcp.l l'l/\e. qu.'"e on M
descends & on omple  Ine bundle on M.

Toc]ay : (Stvs | - 3)

* Re\new a% rw\k, elegree ot VBs owr a curve, o‘ljgl»mdﬂ o'r‘ modult  stacks
. Ore,.ness, boundedness, Trrerlhhvy o sem‘iseuhhey



Dejraycrw\ko'F cohecent.  Sheowes over o curve

D X a prjecewe cwve /i, F coherene sheod on X.
ok Fi= dmgq Fy (9 = gerere pane of X)
deg Fi= 2(X, F) = (mek F)- x (X, 0)
Some  properties
*IF E = a VB, ds E = deg (det E)
* Rk and degree ove addie on  ewact sspuence.
*ronk (F@F) = vk F + ank F', ronk (F®F) = mak F- ronk F'
deo (F@F) = dey F + dey F'
TP E, E oe VBs, deg (E®E') = ronk E'- deg E + romk E - deg E
(. det (E®E) 2 (det E)"’“" LS (dee E')"""E)

Acswamj X 15 smooth ond -bJaAJ Ox () as on wvercble shest
weh deg |, YVB E: Pola) = reak E - n + dey E + k E- 2(X, O,

Alsek‘ﬂd-ey o‘P' MoJuh sto.eLs GF VB:

X smooth projective w/k=T e O. (3enus =3)
The 'Pollomng oe ol stacks owr Sch,.
Q.};xz %m/s = coherent sheoves on X% S e oer S
Mocghism  (F', S°) = (F, S) over S'—S
=wap Fo (dx#), F se (x8)'F = F.
Mx * st&d( d‘F vecétor b\‘l\dlts
My (e, d) : stack of vector bundles with rank r ond Jeame dJd
(_i.e. E e Md (0’,““9) o]:)ece over S
vaunesﬂc point Srg; K—S:
Elgag k hos ronk 1 deyee d)



h Mx (r, J) 8 an A‘j. s‘tu:lc w/ A‘PFMG dh\JOM\ Mtl ,M o'P -Pmu. '&,pt/k'

fé Q\_x Ts ~

Sq'PPIces o show mx (r' d) E gx ) ([0 DLY], [aDLZJ)

‘M ECh + Gen F et sheat on X xS lax o S,
los Z S X xS whee F 7 ot localy free 7 eclosed.
= [s6 S| Fly, gy locly e} = S\M(Z)E S.
‘Mo d) E Mt The Hilbre  plyronsnl 75 locolly ammsome
B e faaibes
YE VB on X : Peln) = rk(E)n + dey(E) + rk(E) (U~ g). il
Lee L n lne bundle oo X. (dey L =d)
Me(r L) ¢ stack of vector bundles st det = L. (and ok =r)

Oljere /s = (Ei g) s {::"LZ 2"5‘1 ok =r (ke fle /5)
B, 0 Fdee s My () d) = P 1= MU (1, 4)

(E 1+ dec E)
YiePek : M(r L) — M(r d)

| ® | ()
Spee kB Py

@ T el VB® £y o X X Ay (n d)

st. VE obee /o of Ul d) : E % (W x [E])* e

I pocolor, we hae  “Ponowe VB” P oon X x Pl

= (g x dee ) P ¥ dee (E4a).
Prp M (- L) ™ an aly. steck w/ afbine diogmal ond loc. of Pee wpe/

’g. I.MMGJ'IM‘; ‘an\ tl\e. Cortesion J‘Mam (I)



Tw\ae'\t Spacas o‘P moduli seu.lcs

-n\e Pallom«; ore Comzueme.s OP Jepormabm -t}wpn/
&c& A ssume 3%.2..

w Mx(r, d), My (r, L) ore smooth over k.
@ Lee B VB on X with rak r, deyee d. p: L= des E.
me(r‘d)' 3] v B (E. E)

T, gy @ b (B! (B B) = H'(X, EV0B) =2 H!(x,6)
(b Poposcron 3.7.5)
ka (01mens1o-\ ca\cu'aelm)

S“ﬂ’“’- E s Swmple. (_i.e. dim Hem, (B, E) =1, e9. stable VBs)

hm TM"(’.'J): = = dm H'(X, Ev@ E)

= dm H°(X, EY®E) — x(X, E'@E)
= dm Hom (E, E) - Jej (EVO E) - rk (EVO E)(l~3)
=~ (5 -1) +1

Sthce  we're worlc‘ln) on oo O, &: EY®E — O splies

by the seceion —r‘" TJE : OX — l'lomx (E, E) ‘i’ EVQ E.

d‘lm T’A,‘(",L), [(E'Y)] = J‘lm H‘()(' EVQE) - d'w\ H’ (X, O’x)
= (=N -".



S‘l:nlﬂlrby notions MJ Pmper&es

Dp . on X, T = J.‘S('E)

LXKzf» in mind that ony subsheod of a VB is LN VB!)

D A VB E on X =
semseable 1 Ynormo E'CE: p(E) £ pu(E)
soble W sewistole X the oy E'CE se u(E) =p(E) ® E
M # e 1 Tsomophc o ? E. uwhee E; swlle w/ PE) = u(E)
Lemma. (Pn,’.wu-eles of  seabhey notions )
WL B, E vB. E (semi)stoble & E®L (sem)seable
@E, F savsemble VBs w/ m(E) Du(F) = Homy (E,F) =0
MDO0—-E 2E—E—0 SBS o VB
E,,E. sewmiscoble ond u(B) = u(B) = E smistable
WE a cable VB = E 1 swple (1o Endy (B) 2k)
O E o semscable VB sx u(E) >24—1.

TLev\ E 3'0')0"7 ?AmﬂJ oand H‘(x, E) = 0.
B ) deg (E®L) = dey (E) + rk(E): dey (L).
= 5 (EL) = p(2) + doy (1),

So YE'CE: u(E) = u(E) = u (EeL) ~ m(E'aL).



@ Sypere E—F nonzeo map. Let lemel = K, tmoge = I.
We hove O #K— E—=I—0 SES. Asume K #0.
= u(X) k(@D = u(E) k(E) — pu(K)rk(K)
2 p(E)(B) - puEYrk (k) () ulk) € (B))
= p (E) rk (T).
Swee rk(D) >0, u(T)2 w(B). But ulE) Du(F)
and (M) 2 pu (D), contrndhetion,
@D Lee pi=pu(B) =p(&). Thn u(E) =pu.
Toke monzmro E'CE. lee E'=ENE', B =In(E'—-E—E)
= ¥0-E' -2E—E — 0 SES
{Z=2 L ,’fi?;ﬁ = rE
@ Take ony monzeo mop Pi E—E. Fllumg proct of @, £ 1 w0
Pick oy 2 € X. 2 X & o egervalue o &,
P-Ady € Bdy (B) = moe w0, so w's zmro. = $=Aidy
® H' (X, E) = H'(X, EY®ux) = Hemy (E, wy) = 0.
(2 (8 > plwx) = 24-2)
Ve € X(K) clomd pot ¢ By Nakapeme's lowem, 76 aifics to shou
T(X,E) = E, — Eu/mx,uEu s
lee O = Sltymru- sheel at 2 w/ value x@).
= ¥SES 0> Ee0 <) ~E— >0
Above mop 15 mop of global setions of E— G
o t sl w show H' (X, E®6 () = 0.
H'(X, E®@ Ox(~*)) = Hemy (E ® 0 (-»), we) = 0.

(7 p(Eoo) = u(E) =1 > plw) = 25-2)



Filw-ew\s of VQ:

Det/Prop.  (Joedan — Hilder  Florocion )
E seviseable VB on X.

- s'Plltruuon O=E CcE cE _c-- CEz.=E

st. eoch subzuaamt G‘ E‘-/EI_ s seble w/ )‘(G':.) =)‘(E)

Fcc- ony ©w  such ‘Pll-en:e\one the multicee O‘F sqbzuwteﬂbs ove some
up o Tsomerphism. DePre the ossocioted 9mJ¢J bundle 9 1= éG

=1
E, E' semistoble VB: w/ some rank & Jejree. ore called S—ﬁu'wo.lme
#+ 9re & [

D

Dt /Prop.  (Horder — Nocusumhon Plerecion
E VB o X.
= T P leretion 0=E cEcEc~cE,=E

st. each sbquwover Gy =& /EI- T Semiseoble
and p@) >p@) > - >u@G.

Ec. Lee X =F. Ay VB E o X splis os o dvee sun of LB

E2 @0, w d4>d> - >4

v"l

= G = 0, Cdt)eMt. (}‘ (&) = "?-)

I. p l»' {E semistoable & L =|
E swbe ® E s o LR



O,mnsc, Lom.'led-m., Tm:.Juc\hl?ey of sem‘wee.bilfesl

Prp. (Cpemes) M5 () E My, 9)

ﬁ Etmvalent w: P S v a L-Scl\emt ond € o VB w/
rank r ond Jejree. d on X xS,
Thea fpes]| Elx,‘m = seistable | Es.

* Reducton o the e S twe t"e/k ond  Conneceed :

By Ab2 & A6S, S=lmS, st S, fue e /)
w/  offune trovercion mops

2 Ix se €% (W x(S=s))'Er P sme VB e,
Rebcwon 0 comsucced oot 5 eowy.
' B un-semisable locws o5 umen of tnages o Quot schams -
Ve St €l gy w noe smseable
“ TE S el e pE@)>4
= Elxagy b & guotere weh  Hilbre  polynomial
Pel) — PoGd) e some
E' S elygy s nE)> 2
Hoee b me o sd peS w U Io(@ny

Q“"‘s/ X~S/s

— Xx S L"’S)
whee QM) rws 'd\nMDL

[RE - fe@] Tpes, B e el e uE) >4



c unton s Puee :

Fo @) dessrmined by ronk (B) & deg (E).

ronk (E) = obvously bownded, owd deg(E) % bounded below

snee pm(E) > %

So sbhos o chow dey (E) = bounded cbove,

Chowe o Punce morphem X = P!, = h: XxS = P'xS

It E'Cegp, thea heE'C hygp Nowe (P, hE) =x(X,E),

X (P, heep) octame Fuacely many  vehies
Sonce COR0P, hegp), NP, hegp) omtsan Roecly mony voluias
by sewiowemity =5 Pricely many sphecing wypes o hxsy)

'Fﬂ‘ea:l\ VB on "", the Biler dhorocerastics of
ol 7es  subsheaves ove  bounded obove |

x (X, E') 1w bowded above. So Jeo (E') bounded obove. ]

D_L‘_'!. A co“tcelon o'p Tsomorr)ﬂsm cluscs o# VBs on X Ts Lmnclec,
P Tschewe of Puee ope S aad VB F on XxS (Pt oer S)
st. every Tsom»’shkm class = [Fs] for some k- port s eS.

E Fx zxe€X, rz2, dezZ
IR =0 (m) @ O ((+)%) @ B T™] % on wnbounded Aty
which consists of Pred ronk r, Jc,ru d VBs. ( (X, R) MBMJ:J)
B« Fx F WB o X, PG eZ@].

{VB: that ore Quotients o F w/ Hilbee Polymmto.l P(A)J s bounded.
(. resrice the umversol quartient. shee on X x Qwe':;)x T
“+o Xx(o’w\ locus of Q"""-?;};/g'.,. . where P“\'”hck 5 locoﬂy \Qne)

+o 5&& o 'ﬂm‘nly O‘P VBs mhz‘la, eoc)\ clqs)



Pﬂ; (Boudedmes) The colleccrion of Tsomorrhcm closses of semiseoble VBs
GPMmkrMJJejmJMXTSLNAM

ﬁ‘ Lee x 6 X o ‘L—rolat % m on Integer st i+M>25—|.

r

For oy swh VB E, E®C(mx) = swmseble w/ skpe >25—I.
= { E ® Oj‘(mx) 5‘0!”«", SmteJ

(X, E®@Ox()) =0 = h°(X, E@Oi(m)) =:N Ped,
lee V o k —vector spoee w/  dwmenson N.
Then 3&&)::1:10’\ VQ;‘OX—» EQO&(M)/ bt Vakat(‘”‘")—”s.

. Enm/ E © «a zune‘lu«t G" Vx,‘ Ok(.“""'-) W/

Hildere Po'rl\om’ns\ rn + (d + | - 3)

Prop. (Trredicsbihey) MG (n d), MS(r, L) ore tmeducible.
B - Rdeceon © de ove d>r(R25-)):
Fix z € X)) cosed point.
E = swistoble < E® O (x) 7= semictable, so
we hove an womorphmsm M% (r d) = ME (o d+r).
So we on osume d D r(29-1), ond all semiseble bundles
with rank r ond degue d o globally genemeed.
* Conseruce o mop o on Tredicible vermey VT w0 M (n d)
Tdea :

ke VT oas a spoce thoe porometeize  semisesble E
st. LB L & SES O—= O '=E—L—0



For o Pxed LB L, +the extensions 0= O = E—>L— 0

ore fw-o.muﬂzcd Ly Ext' (L, Of-') = Hl(X, LY).

lee & the Povcore LB on XXPTci oand mixﬁptc;—)Plci
the projeceion.

By Grauert's theorem (A-q-‘l')’ V=Rml 5 o VB on Pi}
ond the comporison  mop R';.:*l"@k—» H' (X, LY) 15 1se.

= the P o V owr LEPd s H(x,LY)

T uiversal enenrion €, o X 2V (V7= s.g%‘(s,,.cv)))

ie. VWGV L LGPT;?( : euﬂv,xxtu.;l, LE

(er. » 0= 0" = E—L—0)

=3

The 'ocus V“ CV whee €y 18 semiseoble s open.

So we obesin & map VS — uT ().

V= o, (~ d):
Su#ﬁcuhskowwaysammu\:VBEersmmm

of LB by O (on'7 shows suj on cloed ponts, bue suffirenc
b/ Clmv».lley I -t:l\corem)

I cem - TCH(X, E) sbepace o dm r=~]

st. ev: T®0 = E hos vk r-1 on ol pomes o X, (#)

vzeX7 kecnel of H°(X, E) — B, has codmension r.

(7 E globally generoeed)
= The loos of subspaes ' Gr(r-1, H°(X, B)) whd,
doesnt  tntersect the  keenel nontemally  has codm 2.
= The locus of T st. M 15 not twe hes codm |,

so we con wke | st (@) u wue



Ther we have o SES 0= T®0 = E — be(E) =0,
(o =g A Age, Aw)
Poct R MT(r, L) T cwrlor using an open subseack of
Bl (L, Ox)  sujecting onto the stack.

Rewadk, T 922, Yr>o0, Lemd TE W w/ ek r ond
detervinone L thae 1 seable.
> W NEM (), W LE MWL)
ore nonempey and  dense.



